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Abstract By the use of ellipsoidal coordinates, the two-
center Coulomb and hybrid integrals over complete
orthonormal sets of W* — exponential type orbitals arising
in ab initio calculations of molecules are evaluated, where

a=1,0,—1,-2,...,. These integrals are expressed through
the auxiliary functions Q. and G?,,. The comparison is

made with some values of integrals for Slater type orbitals
the computation results of which are in good agreement
with those obtained in the literature. The relationships
obtained are valid for the arbitrary quantum numbers,
screening constants and location of orbitals. Closed form
expressions for two-center Coulomb and hybrid integrals
for 1s and 2s orbitals with a=1 are also presented. As an
example of application, the Hartree-Fock-Roothaan calcu-
lations for the ground state of H, molecule are carried out
with a=1 and a=0.

Keywords Auxiliary functions - Coulomb
integrals - W — exponential type orbitals - Hybrid integrals

Introduction

It is well known that the electronic structure properties of
molecular systems obtained from the linear combination of
atomic orbitals (LCAQO) or basis set expansion method
strongly depend on the chosen basis functions [1, 2]. For
the calculations of these properties it is desirable to use
exponential type orbitals (ETO) as basis sets because they
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describe correctly the asymptotic behavior of exact sol-
utions of atomic or molecular Schrodinger equation both in
the vicinity of the nuclei [3] and at large distances away
from the nuclei [4]. However, the main problem for the use
of ETO basis in molecular calculations arises in the
evaluation of the multicenter integrals [5]. Various studies
have focused on the developing efficient methods for the
calculation of these integrals using ETO functions as basis
sets (see Refs. [6—8] and references therein). The complete
orthonormal sets of W* — ETO have a special significance
in the theory and application of quantum mechanics to
molecules [9-13]. The main advantage of W¢ — ETO
functions is that they possess simple and compact one-
range addition theorems which are very useful for the
calculations of arbitrary multicenter integrals. We note that,
one can calculate the multicenter molecular integrals over
Slater type orbitals (STO) using their one-range addition
theorems established with the help of complete orthonormal
sets of ¥* — ETO [9, 11]. The ¥* — ETO functions can be
usable as a basis set in their own right for molecular
calculations [14]. Therefore, in the study of molecular
electronic structure one needs efficient and reliable evalu-
ation of molecular integrals over ¥* — ETO.

It is well known that the auxiliary functions method is
one of the most important methods for the evaluation of
multicenter molecular integrals over ETO [15-20]. Even
today, there is a lot of work which all deal with auxiliary
functions [21-24]. In a recent study [25], we have
suggested the method for evaluation of one-electron
molecular integrals with the help of auxiliary functions. In
the present work, we derive the formulas for two-center
Coulomb and hybrid integrals with ¥ — ETO using
auxiliary functions Q9 and GY, [26]. These integrals arise
not only in their own right, but are also usable in the
calculation of other multicenter electron-repulsion integrals.
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Definitions and basic formulas

The complete orthonormal sets of ¥ — ETO are defined as

follows [9]:
Wi, (807) = (20) PN e L ()Sm (0 0), (1)
where ¢ = 1,0, —1, =2, ..., x=2(r and

1/2
(n—1—1)! /

2n)°[(n+1+1—-a)]

Ny = (=1)* (2)

The functions Lf(x) and S,,(0, ¢) are the generalized
Laguerre polynomials and the complex (S;,=Y},) or real
spherical harmonics, respectively. The definition of phases
in this work for the complex spherical harmonics
(Y,, = Yi_n) differs from the Condon-Shortley phases
[27] by sign factor (—1)".

The W¢ — ETO are orthonormal with respect to the
weight function (n/¢r)%:

/ \Pnlm

The products of ¥ — ETO in the same center are
transformed to their linear combinations [10]:

nlm (C? ) n'l'm' (§,7 7) (4)

(2 )3/2 n+n'—1 N—1 L

e XY

where n = ¢/¢ and z = ¢ + . The analytical relations for
coefficients B2, are presented in [10].

It should be noted that the Coulomb-Sturmian and
Lambda ETO introduced in Refs. [28-31] are the special
cases of W — ETO for a=1 and =0, respectively. The
STO can be represented by finite linear combinations of

Y* — ETO:

< ) rl/ (C, )dV 5nn’511’6mm’ (3)

NLM(Za 7),

n

anm(gv 7) = Z EZrZz’\PZ’Im(gv 7)7 (5)

n'=I+1

where

1/2

Kun:7) = [0 /@n)1] e S(0,0). (6)

See Ref. [9] for the exact definition of coefficients E,‘f,f,
Using Eq. 5 we can express the molecular integrals with
STO as finite linear combinations of integrals involving
Y* — ETO.

The two-center integrals examined in this work are
defined as:

Coulomb integrals

\Pz,: (:2, sz)d\/ldl}z,

(7)

N . . 1 .
o= [ 05, (€0 T 5 €1, ar) W8 GoF)

hybrid integrals
ua ab / v é/l ) 7. al

where p=nlm, p; = nlim, and 7y =7,
g=a, b).

In this work, we evaluate the integrals (7) and (8) using
ellipsoidal coordinates. The final results are given in terms
of the following auxiliary functions [26]:

1 N P
g“l,ral) ) (82,72) ¥, (6. Tia)dvidva,
1

(8)
—I_ég @@=1, 2 and

- / / (En)(E+n)(&—n)'e P PMdédn  (9)
1 -1

oo q n—1 P
GLupupit) = | |55 < _ epilén ;)w{&)

X e PEPIdEdD, (10)

where p,>0, p>0 and —1<¢<1. The indices n, s, and q are
all nonnegative integers. In Ref. [32, 33] the functions Q7
and G?, were all calculated from the recurrence relations,
analytical expressions and series expansion formulas which
can be used for all values of parameters.

Table 1 Two-center Coulomb

integrals with W — ETO for < misns|nasnys >

Eq. 11

0’—1(5 =0=6=

e 267 (2442462 —£r(334287(9+2L7)))

§2 and r = Ryp) <lsls|lsls>

24r

X (48— 48627 +-{r(81420r(334+4Lr(A+LT))))

<lsls|1s2s>

96r

€727 (—24042406%" — (390487 (3004+-L7(145+2Lr(25+6(7)))))

<lsls|2s2s>

240r

e 27 (—1204-120e%" —¢r(195+28r(75+4¢r(10+¢r(542¢7)))))

<ls2s|1s2s>

480~

e 2%7(960—960e*" +r(1635+2Lr(675+28r(5+24r) (354+28r(—1+2¢7)))))

<1s2s|252s>

19207

€267 (2688042688067 —£r(45675-+2Lr(18795-+2Lr(5005+8¢r(245+Lr(70+r(7+6£7))))))

<252s|2525>

26880r
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Table 2 Two-center hybrid

integrals with ¥* — ETO for < misnysinasnys >

Eq. 12

a=10¢=¢=¢6=06=

{2 and r = Ryp) <lsls|lsls>

e3¢ (=5=2r+e¥" (5+2¢r(14887)))

16r

e3¢ (=3(534207) +e*" (159—8Lr(36+Lr(—21+16¢7))))

<lsls|ls2s>

192r

e (4542401 (3+Lr)— T (45+120r+64031))

<lsls|2s1s>

192r

e 3 (7543¢r(334+1087) +e27 (—T54+8r(87+2Lr(27+8Lr(—2+(7)))))

<lsls|2s2s>

96r

€737 (39488 r(4+Lr)+e*7(—39+44r(9-84r)))

<ls2s|lsls>

64r

€357 (3394-687(43410¢r)+€*" (—=339+287r(2194+2¢r(—=51+1647))))
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e (X7 (132—51¢r432831)

1927
—3(44+¢r(65+4¢r(9+2¢r))))
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€30 (=3(623+4r(200-+£r(99+20¢ 1)) +%7 (1869+4L r(—363+Lr(3—16£r(—24¢7)))))
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€3 (=103—¢r(105+48r(114287)) +e* (103+Lr(—T7+64(7)))

<2s2s|ls1s>

64r

€73 (=3(12874+4¢r(306+¢7(119+2087))) +e*" (3861 -4 (10414 r(—4234128¢7))))

<2s2s|1525>

768r

e ¥ (X7 (—1779+756Lr—2568 12 ) +-3(5934+-8Lr(1124+Lr(T144Lr(64+L7)))))

<2s2s|2s1s> 7687

<2525[2525> 673;’(620(—1349]+4§r(2349+2§r(—93+32§r(—2145»52)))+3(4497+16§r(376+§r(215+2§r(33+5§r)))))
Evaluation of two-center Coulomb and hybrid integrals ~ where g; = N.L,M;, n; = {;/¢ ;, zi=§;+¢ ;, R=R,—R,

and
The procedure for calculating two-center Coulomb and hybrid . S\ () 0t o 1w .
integrals is one and the same and therefore we can consider a2 (21,225 R) = =0 WG (21, 7) 57V, (22, T )dvidvy
them together. We use Eq. 4 for the one-electron distribution (13)
in Egs. 7 and 8. Then, the Coulomb and hybrid integrals are 3 P
expressed through the expansion coefficients and the basic (21, ¢ OiR) = 221 ‘P (21,7, \Pa (14)
o . a - X qlpzp 152552 15 al P

two-center Coulomb ¢” and hybrid 4 integrals:

(§27 raZ)

n1+n/171 Ni—1 L n2+n/271 No—1 L, P/z (52, Vbz)dvldVZ.
Comw= 2 D2 D 2 D D (1) . . .
Ni=1 Li=0Mi=—L; No=1 L,=0Mr—L, The evaluation of these basic integrals can be carried out
BZZ;’ (nl)Bijz, (m2) <54, (zhzz;l_?') by means of integration over the coordinates of the first
l ’ electron which represents the electrostatic potential energy
mAn 1N 1 L, of the second electron in the presence of first:
aaab Z Z Z Baql T]l CIIPP ( 17§27§2’ ) . . . 1
Ni=1 Li=0 Mi=—1L, Us,. (& Pp) = /‘I’Zlm(é', Fa1) —dvy. (15)
21
(12)
Table 3 The values of two-center Coulomb integrals over STO in lined-up coordinate systems
n Lom G ”,1 l,l m,l §,1 n L om G "; 1,2 m,2 §,2 R Caapb
Egs. 5 and 11 Ref. [38]
1 0 0 52 1 0 0 52 2 0 0 41 2 0 0 4.1 0.2 0.1822892554E+01 0.1822892554E+01
1 0 0 52 2 1 0 3.1 2 0 0 41 3 2 0 25 02 -0.2360643021E-01 —0.2360643021E-01
2 1 1 40 1 0 0 52 2 1 31 2 0 0 4.1 0.2 0.2035688538E+00 0.2035688538E+00
1 0 0 52 1 0 0 52 2 1 -1 31 2 1 -1 3.1 85 0.1173928965E+00 0.1173928965E+00
2 1 0 31 2 1 0 3.1 4 2 05 4 2 2 0.5 85 0.8752847763E-01 0.8752847763E-01
3 2 2 18 3 2 2 18 2 0 41 2 0 4.1 85 0.1156689749E+00 0.1156689749E+00
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Table 4 The values of two-center hybrid integrals over STO in lined-up coordinate systems

’ ’

n Lomp G meohoom & e b om Gomy Lomy & R Heagap
Egs. 5 and 12 Ref. [38]

1 0 0 52 1 0 0 52 1 0 0 52 2 0 0 4.1 0.2 0.1822833273E+01  0.1822833273E+01
1 0 0 52 2 1 0 31 2 1 1 40 3 2 1 3.0 0.2 0.6868282918E-01 0.6868282918E-01
2 1 0 3.1 2 1 1 40 2 1 0 31 3 1 1 1.5 2.5 0.5094919530E-02 0.5094919530E-02
4 3 0 35 2 1 0 3.1 1 0 0 52 2 0 0 4.1 2.5 0.1455277481E-03 0.1455277481E-03
2 1 1 40 2 1 1 40 1 0o 0 52 3 2 0 2.5 85 0.6525699399E-06 0.6525699424E-06
2 1 0 3.1 2 1 0 3.1 4 3 0 35 3 2 0 2.5 8.5 0.1087085814E-04 0.1087085814E-04

Using Laplace expression of 75, and orthogonality

properties of spherical harmonics, it is easy to obtain for
the potential (15) the following relation:

ey 1+i+3/2, 2142 4n(2+i+2)! ot
- —u !
U:,Z]m (é’ VaZ) = Nr(rll Z;) (24) Vit —a,i r’;'gz“l B2i+1) Slm (61127 ‘paZ)
1= a

it )
X (1 —e e S (Cra) T+ i+ 1))

5=0

(16)

See Refs. [10, 34] for the exact definition of coefficients
v, and Y (n), respectively.
Now we can move on to the integration of basic integrals

Expressions for basic Coulomb and hybrid integrals
in terms of auxiliary functions

For the evaluation of basic Coulomb and hybrid integrals
we take into account Eq. 16 for potential function in
Eqgs. 13 and 14. Then, it is necessary to perform a rotation
of basic Coulomb and hybrid integrals from the nonlined-
up coordinate systems to the lined-up coordinate systems
the polar axes of which are placed along the line joining the
centers. It is easy to show that the following relations hold
for the rotation of basic Coulomb and hybrid integrals:

min(,l")
CZlm,n’l’m’(gv gl;R) = Z T;}n,l’m’(ea cp)cn;fn’l%(ga C/;R)

with respect to the coordinates of the second electron. 2=0
(17)
he ! //,R’ _ e L, i) Tﬂ. * 2] 2L 1 1/2cL|M\ )i l/ / AM
nlm,;l’l’m’,n”l”m”(ga g ) g > ) - Z Z LM,l”m”( ’90)( + ) ( m,cm ) mm’
L=[I—r|M=—L 2=0 (18)

’
thﬁn’l’,n”l”,Ll(C7 C’, gll,R)

See Refs. [26, 35] for the definition of generalized
Gaunt coefficients C*'™' and A coefficients, and rotation
coefficients 7%, respectively. Now, we change from
integration with respect to spherical coordinates to
integration with respect to ellipsoidal coordinates. Then,

aaTx

2[+l'+i+i'+7pé/+i/+3 (2[ it 2)' ira

using expansion formulas for a product of two normalized
associated Legendre functions in ellipsoidal coordinates
established in Ref. [26], we obtain for the radial
coefficients ¢ @ the following relations in terms of auxiliary
functions:

20 +2—a

a (;r :/.R) ( ])]’71
nl,n ' ) ’ nl* Vo'l
isl":/ls":q
21+i+1

xgl, (1A, 1'2) (G" et PasPoy —1) = S +i+ 00, (P t)) 7

s=l+u

where 0<i<n—I—1, 0<i'<n'—I'-1, - A<pu2) <I, A\<v(2) </,
0<g<p+v, pa=CR/2, ppy=CR/2, p=pi+ps=
(R/2)(§+¢)and t = (£~ ¢)/(+ ).
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Carrying through calculations for the 4 ¢ analogous to
those for ¢'“ we obtain for the basic two-center hybrid
integrals the following formula:

I"—2
Moy 12(6,8 CR) = (= 1) NN Ny

) I+l +3/2 )
w2l e R a2t o (19 1)
(o) (2051) B4
q 20+i+1
G*(l+u*l’*i’)-,l”+i”+l7v(p”’p’ 1) = 2
s=lru—I'—i

20+i+1

! .
Ohrrprsri 020 = 2 PN +1+1)Q
=

where 0<i<n—[—1, 0<i'<n’-I'-1, 0<i"<n"-[1"—1, —A<
w(2) <L, A<u(2) <I", 0<q<p+v, p, = {R/2, p, = {'R/2,
py=C"R/2, p=p,+ps = (R/2)( + "), t=( - ¢")/
(& +¢")s Pas=pa+p=R/2)(E+ +{") and 14 =
C+E =8N+ +).

The expressions for coefficients gf, occurring in
Egs. 19 and 20 in terms of binomial coefficients are given
in Ref. [36].

Results and discussion

The algorithm for evaluating two-center Coulomb and
hybrid integrals over ¥* — ETO based on the usage of
ellipsoidal coordinates has been described. For this pur-
pose, we use Eq. 4 for one-center expansion of ¥* — ETO
and perform a rotation from molecular coordinate system to
lined-up coordinate systems. Finally, two-center Coulomb
and hybrid integrals are expressed in terms of auxiliary
functions Q¢ and GZ,  that can be calculated efficiently
and accurately for arbitrary values of parameters. We notice
that all of the multicenter electron-repulsion integrals
arising in the Hartree-Fock-Roothaan (HFR) equations for
molecules can also be expressed in terms of basic two-
center Coulomb and hybrid integrals using general expan-
sion formulas for the charge density over ¥* — ETO
obtained by one of the authors [37].

The algorithm of calculation of two-center Coulomb and
hybrid integrals has been implemented in a computer
program written in Mathematica 6.0 international mathe-
matical software. The results of calculations in atomic units
are given in Tables 1, 2, 3, 4 and 5. Closed form
expressions for two-center Coulomb and hybrid integrals
of Is and 2s orbitals with ¥* — ETO for a=1 are
exemplified in Tables 1 and 2, respectively. The symbol

! ’ 1 1
< mysnys|npsnys > means C,

and H .
1001 00,1,0012,00 £1007;00,112001,00

2042—a 21" +2—a

204+2—a
. ”Z Vi 1—aiV '+ 1=ai V' +17+1—a,it
i g

Y +i+ 10 iy Pabs tap) for 1+p—1'—i>0

+1’+i’—l—u,l”+z‘”+1—V(Pabv ta) for l4+p—1—i<0,

(20)

In order to support the reliability of our procedure we
present in Tables 3 and 4 the test values of two-center
Coulomb and hybrid integrals over STO obtained from those
with W — ETO using Eq. 5. The STO integrals are shown
without indices «.. As can be seen from Tables 3 and 4, our
results are in good agreement with values obtained in literature
[38]. As an application of presented formulas, the HFR
calculations have been carried out for ground state of H,
molecule with U' and ¥° — ETO. We have used {1s, 2s, 2p}
basis set in these calculations. Optimized orbital exponents are
{1.36, 1.18, 1.83} and {1.35, 1.18, 1.84} for a=1 and a=0,
respectively. Our results and other works used STO with the
same size of basis set [39, 40] are given in Table 5. We see
from Table 5 that the use of ¥ — ETO gives good results for
H, molecule. In future work, we plan to use the basis sets of
Y — ETO in calculations of multielectronic-polyatomic
molecules.

It should be noted that the algorithm presented in this
study could be useful for the calculations of two-center
Coulomb and hybrid integrals over ¥ — ETO for the
determination of various properties of molecules when
HFR and explicitly correlated approximations are
employed. The main reason for developing efficient
procedures for molecular integrals with W¥* — ETO is to
use the W* —ETO as basis functions in molecular
calculations. Furthermore, the formulas obtained in this
study can also be used in calculations of multicenter
multielectron integrals over STO. For this purpose one can

Table 5 Numerical results for

ground state of H, molecule Atomic Orbital Energy
¥'-ETO* -1.1335068
¥°-ETO -1.1335062
STO" -1.1334978

. This work : Ref [39] ©: Ref STO® —1.133494

[40]
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use the one-range addition theorems of STO established
with the help of complete orthonormal sets of ¥* — ETO
[9, 11].
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