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Abstract By the use of ellipsoidal coordinates, the two-
center Coulomb and hybrid integrals over complete
orthonormal sets of <a � exponential type orbitals arising
in ab initio calculations of molecules are evaluated, where
a ¼ 1; 0;�1;�2; :::;. These integrals are expressed through
the auxiliary functions Qq

ns and Gq
�ns. The comparison is

made with some values of integrals for Slater type orbitals
the computation results of which are in good agreement
with those obtained in the literature. The relationships
obtained are valid for the arbitrary quantum numbers,
screening constants and location of orbitals. Closed form
expressions for two-center Coulomb and hybrid integrals
for 1s and 2s orbitals with α=1 are also presented. As an
example of application, the Hartree-Fock-Roothaan calcu-
lations for the ground state of H2 molecule are carried out
with α=1 and α=0.

Keywords Auxiliary functions . Coulomb
integrals .<a � exponential type orbitals . Hybrid integrals

Introduction

It is well known that the electronic structure properties of
molecular systems obtained from the linear combination of
atomic orbitals (LCAO) or basis set expansion method
strongly depend on the chosen basis functions [1, 2]. For
the calculations of these properties it is desirable to use
exponential type orbitals (ETO) as basis sets because they

describe correctly the asymptotic behavior of exact sol-
utions of atomic or molecular Schrödinger equation both in
the vicinity of the nuclei [3] and at large distances away
from the nuclei [4]. However, the main problem for the use
of ETO basis in molecular calculations arises in the
evaluation of the multicenter integrals [5]. Various studies
have focused on the developing efficient methods for the
calculation of these integrals using ETO functions as basis
sets (see Refs. [6–8] and references therein). The complete
orthonormal sets of <a � ETO have a special significance
in the theory and application of quantum mechanics to
molecules [9–13]. The main advantage of <a � ETO
functions is that they possess simple and compact one-
range addition theorems which are very useful for the
calculations of arbitrary multicenter integrals. We note that,
one can calculate the multicenter molecular integrals over
Slater type orbitals (STO) using their one-range addition
theorems established with the help of complete orthonormal
sets of <a � ETO [9, 11]. The <a � ETO functions can be
usable as a basis set in their own right for molecular
calculations [14]. Therefore, in the study of molecular
electronic structure one needs efficient and reliable evalu-
ation of molecular integrals over <a � ETO.

It is well known that the auxiliary functions method is
one of the most important methods for the evaluation of
multicenter molecular integrals over ETO [15–20]. Even
today, there is a lot of work which all deal with auxiliary
functions [21–24]. In a recent study [25], we have
suggested the method for evaluation of one-electron
molecular integrals with the help of auxiliary functions. In
the present work, we derive the formulas for two-center
Coulomb and hybrid integrals with <a � ETO using
auxiliary functions Qq

ns and Gq
�ns [26]. These integrals arise

not only in their own right, but are also usable in the
calculation of other multicenter electron-repulsion integrals.
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Definitions and basic formulas

The complete orthonormal sets of <a � ETO are defined as
follows [9]:

<a
nlmðz;~rÞ ¼ ð2zÞ3=2Na

nlx
le�x=2L2lþ2�a

nþlþ1�aðxÞSlmðq;ϕÞ; ð1Þ
where a ¼ 1; 0;�1;�2; :::; x=2ζr and

Na
nl ¼ ð�1Þa ðn� l � 1Þ!

ð2nÞa½ðnþ l þ 1� aÞ!�3
" #1=2

: ð2Þ

The functions LpqðxÞ and Slm(θ, 8) are the generalized
Laguerre polynomials and the complex (Slm≡Ylm) or real
spherical harmonics, respectively. The definition of phases
in this work for the complex spherical harmonics
Y

»
lm ¼ Yl�m

� �
differs from the Condon-Shortley phases

[27] by sign factor (−1)m.
The <a � ETO are orthonormal with respect to the

weight function n=zrð Þa:Z
<a»

nlmðz;~rÞ
n

zr

� �a

<a
n0l0m0 ðz;~rÞdV ¼ dnn0dll0dmm0 : ð3Þ

The products of <a � ETO in the same center are
transformed to their linear combinations [10]:

<a »

nlmðz;~rÞ<a
n0l0m0 ðz 0;~rÞ

¼ ð2zÞ3=2ffiffiffiffiffi
4p

p
Xnþn0�1

N¼1

XN�1

L¼0

XL
M¼�L

BaNLM
nlm;n0l0m0 ðhÞ<a »

NLM ðz;~rÞ;

ð4Þ

where h ¼ z=z 0 and z ¼ z þ z 0. The analytical relations for
coefficients BaNLM

nlm;n0l0m0 are presented in [10].
It should be noted that the Coulomb-Sturmian and

Lambda ETO introduced in Refs. [28–31] are the special
cases of <a � ETO for α=1 and α=0, respectively. The
STO can be represented by finite linear combinations of
<a � ETO:

#nlmðz;~rÞ ¼
Xn

n0¼lþ1

wal
nn0<

a
n0lmðz;~rÞ; ð5Þ

where

#nlmðz;~rÞ ¼ ð2zÞ2nþ1=ð2nÞ!
h i1=2

rn�1e�zrSlmðq;ϕÞ: ð6Þ

See Ref. [9] for the exact definition of coefficients wal
nn0 .

Using Eq. 5 we can express the molecular integrals with
STO as finite linear combinations of integrals involving
<a � ETO.

The two-center integrals examined in this work are
defined as:

Coulomb integrals

Ca
aa;bb¼

Z
<a »

p1
ðz1;~ra1Þ<a

p
0
1
ðz 0

1;~ra1Þ
1

r21
<a

p2
ðz2;~rb2Þ<a »

p02
ðz 0

2;~rb2Þdv1dv2;

ð7Þ
hybrid integrals

Ha
aa;ab¼

Z
<a »

p1
ðz1;~ra1Þ<a

p
0
1
ðz 0

1;~ra1Þ
1

r21
<a

p2
ðz2;~ra2Þ<a »

p
0
2
ðz 0

2;~rb2Þdv1dv2;

ð8Þ
where pi≡nilimi, p

0
i � n

0
il

0
im

0
i and ~rgi ¼~ri �~Rg (i=1, 2 and

g=a, b).
In this work, we evaluate the integrals (7) and (8) using

ellipsoidal coordinates. The final results are given in terms
of the following auxiliary functions [26]:

Qq
nsðp; tÞ ¼

Z1
1

Z1
�1

ðxhÞqðxþ hÞnðx� hÞse�px�pthdxdh ð9Þ

Gq
�nsðpa; p; tÞ ¼

R1
1

R1
�1

ðxhÞqðx�hÞs
ðxþhÞn 1� e�paðxþhÞ Pn�1

k¼0

ðpaðxþhÞÞk
k!

� �

� e�px�pthdxdh; ð10Þ

where pa>0, p>0 and −1≤ t≤1. The indices n, s, and q are
all nonnegative integers. In Ref. [32, 33] the functions Qq

ns

and Gq
�ns were all calculated from the recurrence relations,

analytical expressions and series expansion formulas which
can be used for all values of parameters.

< n1sn
0
1sjn2sn

0
2s > Eq. 11

<1s1s|1s1s> e�2zrð�24þ24e2zr�zrð33þ2zrð9þ2zrÞÞÞ
24r

<1s1s|1s2s>
e�2zrð48�48e2zrþzrð81þ2zrð33þ4zrð4þzrÞÞÞÞ

96r

<1s1s|2s2s>
e�2zrð�240þ240e2zr�zrð390þzrð300þzrð145þ2zrð25þ6zrÞÞÞÞÞ

240r

<1s2s|1s2s>
e�2zrð�120þ120e2zr�zrð195þ2zrð75þ4zrð10þzrð5þ2zrÞÞÞÞÞ

480r

<1s2s|2s2s>
e�2zrð960�960e2zrþzrð1635þ2zrð675þ2zrð5þ2zrÞð35þ2zrð�1þ2zrÞÞÞÞÞ

1920r

<2s2s|2s2s>
e�2zrð�26880þ26880e2zr�zrð45675þ2zrð18795þ2zrð5005þ8zrð245þzrð70þzrð7þ6zrÞÞÞÞÞÞÞ

26880r

Table 1 Two-center Coulomb
integrals with <a � ETO for
a ¼ 1 ðz ¼ z1 ¼ z

0
1 ¼ z2 ¼

z
0
2 and r ¼ RabÞ

852 J Mol Model (2011) 17:851–856



Evaluation of two-center Coulomb and hybrid integrals

The procedure for calculating two-center Coulomb and hybrid
integrals is one and the same and therefore we can consider
them together. We use Eq. 4 for the one-electron distribution
in Eqs. 7 and 8. Then, the Coulomb and hybrid integrals are
expressed through the expansion coefficients and the basic
two-center Coulomb cα and hybrid hα integrals:

Ca
aa;bb ¼

Xn1þn
0
1�1

N1¼1

XN1�1

L1¼0

XL1
M1¼�L1

Xn2þn
0
2�1

N2¼1

XN2�1

L2¼0

XL2
M2¼�L2

Baq1
p1p

0
1

ðh1ÞBaq2
p2p

0
2

ðh2Þ caq1q2ðz1; z2;~RÞ

ð11Þ

Ha
aa;ab ¼

Xn1þn
0
1�1

N1¼1

XN1�1

L1¼0

XL1
M1¼�L1

Baq1
p1p

0
1

ðh1Þhaq1p2p02ðz1; z2; z
0
2;~RÞ;

ð12Þ

where qi ≡ NiLiMi, hi ¼ z i=z
0
i, zi ¼ z i þ z

0
i, ~R ¼ ~Ra �~Rb

and

caq1q2ðz1; z2;~RÞ ¼
ð4z1z2Þ3=2

4p

R
<a »

q1
ðz1;~ra1Þ 1

r21
<a

q2
ðz2;~rb2Þdv1dv2

ð13Þ

ha
q1p2p

0
2
ðz1; z2; z

0
2;~RÞ ¼

ð2z1Þ3=2ffiffiffiffiffi
4p

p
Z

<a »

q1
ðz1;~ra1Þ 1

r21
<a

p2

� ðz2;~ra2Þ<a »

p
0
2
ðz 0

2;~rb2Þdv1dv2:

ð14Þ

The evaluation of these basic integrals can be carried out
by means of integration over the coordinates of the first
electron which represents the electrostatic potential energy
of the second electron in the presence of first:

Ua
nlmðz;~ra2Þ ¼

Z
<a »

nlmðz;~ra1Þ
1

r21
dv1: ð15Þ

< n1sn
0
1sjn2sn

0
2s > Eq. 12

<1s1s|1s1s> e�3zrð�5�2zrþe2zrð5þ2zrð1þ8zrÞÞÞ
16r

<1s1s|1s2s>
e�3zrð�3ð53þ20zrÞþe2zrð159�8zrð36þzrð�21þ16zrÞÞÞÞ

192r

<1s1s|2s1s>
e�3zrð45þ24zrð3þzrÞ�e2zrð45þ12zrþ64z3r3ÞÞ

192r

<1s1s|2s2s>
e�3zrð75þ3zrð33þ10zrÞþe2zrð�75þzrð87þ2zrð27þ8zrð�2þzrÞÞÞÞÞ

96r

<1s2s|1s1s>
e�3zrð39þ8zrð4þzrÞþe2zrð�39þ4zrð9�8zrÞÞÞ

64r

<1s2s|1s2s>
e�3zrð339þ6zrð43þ10zrÞþe2zrð�339þ2zrð219þ2zrð�51þ16zrÞÞÞÞ

192r

<1s2s|2s1s>
e�3zrðe2zrð132�51zrþ32z3r3Þ�3ð44þzrð65þ4zrð9þ2zrÞÞÞÞ

192r

<1s2s|2s2s>
e�3zrð�3ð623þ4zrð200þzrð99þ20zrÞÞÞþe2zrð1869þ4zrð�363þzrð3�16zrð�2þzrÞÞÞÞÞ

768r

<2s2s|1s1s>
e�3zrð�103�zrð105þ4zrð11þ2zrÞÞþe2zrð103þzrð�77þ64zrÞÞÞ

64r

<2s2s|1s2s>
e�3zrð�3ð1287þ4zrð306þzrð119þ20zrÞÞÞþe2zrð3861�4zrð1041þzrð�423þ128zrÞÞÞÞ

768r

<2s2s|2s1s>
e�3zrðe2zrð�1779þ756zr�256z3r3Þþ3ð593þ8zrð112þzrð71þ4zrð6þzrÞÞÞÞÞ

768r

<2s2s|2s2s>
e�3zrðe2zrð�13491þ4zrð2349þ2zrð�93þ32zrð�2þzrÞÞÞÞþ3ð4497þ16zrð376þzrð215þ2zrð33þ5zrÞÞÞÞÞ

1536r

Table 2 Two-center hybrid
integrals with <a � ETO for
a ¼ 1 ðz ¼ z1 ¼ z

0
1 ¼ z2 ¼

z
0
2 and r ¼ RabÞ

Table 3 The values of two-center Coulomb integrals over STO in lined-up coordinate systems

n1 l1 m1 ζ1 n
0
1 l

0
1 m

0
1 z

0
1 n2 l2 m2 ζ2 n

0
2 l

0
2 m

0
2 z

0
2 R Caa,bb

Eqs. 5 and 11 Ref. [38]

1 0 0 5.2 1 0 0 5.2 2 0 0 4.1 2 0 0 4.1 0.2 0.1822892554E+01 0.1822892554E+01

1 0 0 5.2 2 1 0 3.1 2 0 0 4.1 3 2 0 2.5 0.2 −0.2360643021E-01 −0.2360643021E-01
2 1 1 4.0 1 0 0 5.2 2 1 1 3.1 2 0 0 4.1 0.2 0.2035688538E+00 0.2035688538E+00

1 0 0 5.2 1 0 0 5.2 2 1 −1 3.1 2 1 −1 3.1 8.5 0.1173928965E+00 0.1173928965E+00

2 1 0 3.1 2 1 0 3.1 4 2 2 0.5 4 2 2 0.5 8.5 0.8752847763E-01 0.8752847763E-01

3 2 −2 1.8 3 2 −2 1.8 2 0 0 4.1 2 0 0 4.1 8.5 0.1156689749E+00 0.1156689749E+00
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Using Laplace expression of r�1
21 and orthogonality

properties of spherical harmonics, it is easy to obtain for
the potential (15) the following relation:

Ua
nlmðz;~ra2Þ ¼Na

nl

Pn�l�1

i¼0
ð2zÞlþiþ3=2g2lþ2�a

nþlþ1�a;i
4pð2lþiþ2Þ!

rlþ1
a2 z2lþiþ3ð2lþ1Þ S

»
lmðqa2;ϕa2Þ

� 1� e�zra2
P2lþiþ1

s¼0
ðzra2Þs Υl

sðl þ iþ 1Þ
� �

:

ð16Þ

See Refs. [10, 34] for the exact definition of coefficients
gpq;i and Υl

sðnÞ, respectively.
Now we can move on to the integration of basic integrals

with respect to the coordinates of the second electron.

Expressions for basic Coulomb and hybrid integrals
in terms of auxiliary functions

For the evaluation of basic Coulomb and hybrid integrals
we take into account Eq. 16 for potential function in
Eqs. 13 and 14. Then, it is necessary to perform a rotation
of basic Coulomb and hybrid integrals from the nonlined-
up coordinate systems to the lined-up coordinate systems
the polar axes of which are placed along the line joining the
centers. It is easy to show that the following relations hold
for the rotation of basic Coulomb and hybrid integrals:

canlm;n0l0m0 ðz; z 0;~RÞ ¼
Xminðl;l0Þ

l¼0

Tl »

lm;l0m0 ðq;ϕÞc0 a
nl;n0l0lðz; z 0;RÞ

ð17Þ

hanlm;n0l0m0;n0 0l0 0m0 0 ðz; z 0; z 00;~RÞ ¼ Plþl0

L¼jl�l0j

PL
M¼�L

PminðL;l0 0Þ

l¼0
T l »
LM ;l0 0m0 0 ðq;ϕÞð2Lþ 1Þ1=2CLjM jðlm; l0m0ÞAM

mm0

�h
0 a
nl;n0l0;n0 0l0 0;Llðz; z 0; z 00;RÞ:

ð18Þ

See Refs. [26, 35] for the definition of generalized
Gaunt coefficients CL\M\ and AM coefficients, and rotation
coefficients T l, respectively. Now, we change from
integration with respect to spherical coordinates to
integration with respect to ellipsoidal coordinates. Then,

using expansion formulas for a product of two normalized
associated Legendre functions in ellipsoidal coordinates
established in Ref. [26], we obtain for the radial
coefficients c

0 a the following relations in terms of auxiliary
functions:

c
0 a
nl;n0l0lðz; z 0;RÞ ¼ ð�1Þl0�lNa

nlN
a
n0l0

X
i;i0;m;n;q

2lþl0þiþi0þ7pl
0þi0þ3
b ð2l þ iþ 2Þ!

plað2l þ 1ÞR g2lþ2�a
nþlþ1�a;ig

2l0þ2�a
n0þl0þ1�a;i0

�gqmnðll; l0lÞ Gq
�ðlþmÞ;l0þi0þ1�nðpa; pb;�1Þ �

X2lþiþ1

s¼lþm

psaΥ
l
sðl þ iþ 1ÞQq

s�l�m;l0þi0þ1�nðp; tÞ
 !

;

ð19Þ

where 0≤ i≤n− l−1, 0≤ i′≤n′− l′−1, −λ≤μ(2) ≤l, λ≤ν(2) ≤l′,
0 ≤ q ≤ μ + ν , pa ¼ zR=2, pb ¼ z 0R=2, p ¼ pa þ pb ¼
ðR=2Þðz þ z 0Þ and t ¼ ðz � z 0Þ=ðz þ z 0Þ.

Table 4 The values of two-center hybrid integrals over STO in lined-up coordinate systems

n1 l1 m1 ζ1 n
0
1 l

0
1 m

0
1 z

0
1 n2 l2 m2 ζ2 n

0
2 l

0
2 m

0
2 z

0
2 R Haa,ab

Eqs. 5 and 12 Ref. [38]

1 0 0 5.2 1 0 0 5.2 1 0 0 5.2 2 0 0 4.1 0.2 0.1822833273E+01 0.1822833273E+01

1 0 0 5.2 2 1 0 3.1 2 1 1 4.0 3 2 1 3.0 0.2 0.6868282918E-01 0.6868282918E-01

2 1 0 3.1 2 1 1 4.0 2 1 0 3.1 3 1 1 1.5 2.5 0.5094919530E-02 0.5094919530E-02

4 3 0 3.5 2 1 0 3.1 1 0 0 5.2 2 0 0 4.1 2.5 0.1455277481E-03 0.1455277481E-03

2 1 1 4.0 2 1 1 4.0 1 0 0 5.2 3 2 0 2.5 8.5 0.6525699399E-06 0.6525699424E-06

2 1 0 3.1 2 1 0 3.1 4 3 0 3.5 3 2 0 2.5 8.5 0.1087085814E-04 0.1087085814E-04
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Carrying through calculations for the h
0 a analogous to

those for c
0 a we obtain for the basic two-center hybrid

integrals the following formula:

h
0 a
nl;n0l0;n0 0l0 0;Llðz; z 0; z 00;RÞ ¼ ð�1Þl0 0�lNa

nlN
a
n0l0N

a
n0 0l0 0

P
i;i0;i0 0;m;n;q

g2lþ2�a
nþlþ1�a;ig

2l0þ2�a
n0þl0þ1�a;i0g

2l0 0þ2�a
n0 0þl0 0þ1�a;i0 0

� 2lþiþ3zð2p0aÞ
l0þi0þ3=2ð2pbÞl

0 0þi0 0þ3=2ð2lþiþ2Þ!
ðpaÞlþ1ð2lþ1Þ gqmnðLl; l00lÞ

�
Gq

�ðlþm�l0�i0Þ;l0 0þi0 0þ1�nðpa; p; tÞ �
P2lþiþ1

s¼lþm�l0�i0
psaΥ

l
sðl þ iþ 1ÞQq

sþl0þi0�l�m;l0 0þi0 0þ1�nðpab; tabÞ for l þ m� l0 � i0 > 0

Qq
l0þi0�l�m;l0 0þi0 0þ1�nðp; tÞ �

P2lþiþ1

s¼0
psaΥ

l
sðl þ iþ 1ÞQq

sþl0þi0�l�m;l0 0þi0 0þ1�nðpab; tabÞ for l þ m� l0 � i0 � 0;

8>>><
>>>:

ð20Þ

where 0≤ i≤n− l−1, 0≤ i′≤n′− l′−1, 0≤ i″≤n″− l″−1, −1≤
μ(2) ≤L, λ≤ν(2) ≤l″, 0≤q≤μ+ν, pa ¼ zR=2, p

0
a ¼ z 0R=2,

pb ¼ z 00R=2, p¼ p
0
aþpb ¼ ðR=2Þðz 0 þ z 00Þ, t ¼ ðz 0 � z 00Þ=

ðz 0 þ z 00Þ, pab ¼ pa þ p ¼ ðR=2Þðz þ z 0 þ z 00Þ and tab ¼
ðz þ z 0 � z 00Þ=ðz þ z 0 þ z 00Þ.

The expressions for coefficients gqmn occurring in
Eqs. 19 and 20 in terms of binomial coefficients are given
in Ref. [36].

Results and discussion

The algorithm for evaluating two-center Coulomb and
hybrid integrals over <a � ETO based on the usage of
ellipsoidal coordinates has been described. For this pur-
pose, we use Eq. 4 for one-center expansion of <a � ETO
and perform a rotation from molecular coordinate system to
lined-up coordinate systems. Finally, two-center Coulomb
and hybrid integrals are expressed in terms of auxiliary
functions Qq

ns and Gq
�ns that can be calculated efficiently

and accurately for arbitrary values of parameters. We notice
that all of the multicenter electron-repulsion integrals
arising in the Hartree-Fock-Roothaan (HFR) equations for
molecules can also be expressed in terms of basic two-
center Coulomb and hybrid integrals using general expan-
sion formulas for the charge density over <a � ETO
obtained by one of the authors [37].

The algorithm of calculation of two-center Coulomb and
hybrid integrals has been implemented in a computer
program written in Mathematica 6.0 international mathe-
matical software. The results of calculations in atomic units
are given in Tables 1, 2, 3, 4 and 5. Closed form
expressions for two-center Coulomb and hybrid integrals
of 1s and 2s orbitals with <a � ETO for α=1 are
exemplified in Tables 1 and 2, respectively. The symbol
< n1sn

0
1sjn2sn

0
2s > means C1

n100n
0
100;n200n

0
200

and H1
n100n

0
100;n200n

0
200

.

In order to support the reliability of our procedure we
present in Tables 3 and 4 the test values of two-center
Coulomb and hybrid integrals over STO obtained from those
with <a � ETO using Eq. 5. The STO integrals are shown
without indices α. As can be seen from Tables 3 and 4, our
results are in good agreement with values obtained in literature
[38]. As an application of presented formulas, the HFR
calculations have been carried out for ground state of H2

molecule with Ψ1 and <0 � ETO. We have used {1s, 2s, 2p}
basis set in these calculations. Optimized orbital exponents are
{1.36, 1.18, 1.83} and {1.35, 1.18, 1.84} for α=1 and α=0,
respectively. Our results and other works used STO with the
same size of basis set [39, 40] are given in Table 5. We see
fromTable 5 that the use of<a � ETO gives good results for
H2 molecule. In future work, we plan to use the basis sets of
<a � ETO in calculations of multielectronic-polyatomic
molecules.

It should be noted that the algorithm presented in this
study could be useful for the calculations of two-center
Coulomb and hybrid integrals over <a � ETO for the
determination of various properties of molecules when
HFR and explicitly correlated approximations are
employed. The main reason for developing efficient
procedures for molecular integrals with <a � ETO is to
use the <a � ETO as basis functions in molecular
calculations. Furthermore, the formulas obtained in this
study can also be used in calculations of multicenter
multielectron integrals over STO. For this purpose one can

Atomic Orbital Energy

Ψ1-ETOa −1.1335068
Ψ0-ETOa −1.1335062
STOb −1.1334978
STOc −1.133494

Table 5 Numerical results for
ground state of H2 molecule

a : This work b : Ref [39] c : Ref
[40]
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use the one-range addition theorems of STO established
with the help of complete orthonormal sets of <a � ETO
[9, 11].
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